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Theory (3.4) (3.8) Premixed Laminar Flames - Radiation Effects

Abstract

We examine an expanding spherical premixed flame propagating in
a mixture containing inert dust. The presence of the dust generates a
significant radiative energy flux that influences the flame speed. With the
adoption of a hydrodynamic description in which stretch effects are
accounted for using an empirical formula, and with the use of the
Eddington approximation to describe the radiation, a simple numerical
problem is formulated valid for that initial time interval in which the

flame-temperature changes by O(e) amounts where € is the small inverse
activation energy. Solutions are constructed using parameter values
appropriate to lean CHy/air mixtures, and for modest particle loadings. We
describe the competition between the Spalding effect in which radiative
losses on the diffusive scale tend to quench the flame, and the Joulin effect
in which radiative preheating on the scale of the Planck length tends to
strengthen the flame.



Intr ion

The present paper is concerned with a theoretical study of unsteady
spherical flames generated by point ignition and propagating in mixtures
containing inert dust. The presence of particles in the mixture can have a
variety of effects, but in this early work we wish to focus solely on the
radiation field that is generated, together with its energetic consequences.
Past theoretical work has concentrated on the plane geometry (e.g. [1]), but
the spherical geometry is better suited for experimental study. At the
present time complete quantitative experimental data is not available, but
an experimental program is planned [2] and we believe that there is need
for concurrent theoretical work to help define experimental strategies and
to identify the physics responsible for the observed phenomena.

Consider a pencil of radiation of intensity I defined by an element of
solid angle 8Q. The element of volume 3V = 8Q r2 8r contains N 8Q r2 dr
particles, where N is the particle number density. If each particle is
assumed to be a sphere of diameter d, the fraction of the pencil intercepted

by the particles is (nd%/4) N6Qr25r / 5Qr2 =(nd2/4) N ér. Thus
dVdr = -(rd%4) N I(r) = - Il )

where [ =4/Nnd? is the absorption length. If p, is the bulk solid density, p

the gas density, and 1 the density of a single particle, then

L/d =(23){t/p)(p/p,) - (2)

When the particles are small enough they will have a speed identical to that

of the gas and D/Dt(p/p)= 0. Thus the loading does not change as the

combustion field unfolds, and if it is initially uniform Eqn. (2) shows that



pl = constant . (3)

For a fixed particle loading p./p, the absorption length [ can be
varied by varying the particle size d. We wish to consider the situation
where the loading is small yet [ has a significant impact on the radiative
transport within the combustion field. When /! is small radiation effects
will be negligible and we wish to examine the first effects of finite / 1 . As
we shall see, there is one effect that is linear in /! and one that is
quadratic. The length against which / is to be measured is the flame-
thickness & in the first case, the flame-radius r, in the second, so that the
two effects can be comparable in magnitude at the same time. The radius
of any confinement vessel plays no role.

There is a need for accurate numerical simulations for this problem
but we wish to pursue an alternative path, with the goal of unraveling and
clarifying various key physical ingredients of the problem. To this end we
shall make a number of approximations, for the most part of a rational
nature (those that are not are extra-rational modeling simplifications). We
shall examine flames of sufficiently large radius that they may be well
approximated by a hydrodynamic description. That is, on the scale of the

radius r,, they appear, to good approximation, as discontinuities

separating cold gas from hot gas. To leading order in the cold gas

T ="Tr and u = W(p,/p, -1)(r,2/r? (4)

where W is the flame-speed. W is not in general the adiabatic flame-speed

but is controlled by flame-stretch and by the radiation effects. The flame-

temperature (the temperature at r,-0) is, to leading order, T, with

corresponding density p,.



The effects of finite / on this picture are manifest in three ways:
Radiation cooling causes the temperature in the burnt gas to drop below Tj;
and the flame-speed W is changed by what we shall call the Spalding effect,
and the Joulin effect.

The Spalding effect refers to the diminution in flame-speed that
occurs because of heat losses from the flame-structure [3]. The

temperature within the structure is governed by an equation of the form

M C, dT/dx = d/dx (A (T) dT/dx)- 451" (T*- T} + .. 5)

where we have only shown convection, diffusion, and radiation terms. The

latter has significant impact (changes the flame-speed by O(W) amounts) if
B(s/1) ~ 6™ 6)

where B is the Boltzmann number 4(5T,a4 /M Cy Ty, 6 is the flame-thickness
MM C, (M = hW) ,la is the absorption length evaluated when p=p,
(l‘a >> 8) , and 6 = E/RT, is the (large) activation energy characteristic of the
global kinetics. The Boltzmann number is also large and we say more
about this below.

The Joulin effect refers to the increase in flame-speed that arises
because of radiative preheating [4]). Radiation from the hot burnt gas
(rather, the particles immersed in that gas) is absorbed by the particles in

the cold gas and raises the temperature immediately ahead of the flame.

We shall see that this temperature rise is initially of order

AT /Ty ~ B (r,/laf (D



and first has a significant impact when of magnitude ~ 6 1

Typical values of B are shown in Fig. 1, calculated for lean
methane/air mixtures from numerical results of Giovangigli and Smooke
[5]. Near-limit mixtures are characterized by large values of B so that
examihing the estimates (6) and (7) we are naturally led to the

distinguished limit defined by

O o B~O,r,/la~0", 8/1,~072, 8/r,~0" . 8)

Both radiation effects are then comparable in magnitude.
The Spalding effect is non-zero right from the start, and changes only
because of changes in the flame thickness associated with changes in M.

On the other hand the Joulin effect is initially very small, but grows in

importance as the volume of hot burnt gas increases with r,. Eventually
the estimate (7) breaks down when r, is no longer small compared to Is.

When r, > > [, plane flame results are valid and an approximate analysis

yields the following formula [6],
AT =2(T,-Ty)B/V4B%+3 . 9)

The corresponding flame-temperature is T, + AT which is significantly
larger than T, so that these flames eventually travel at speeds significantly

greater than Wyoy.*

* The plane flame described here is analogous to the excess enthalpy flames described by
Weinberg (7] except that the preheating is enhanced by radiation and not by conduction
through metal structures.



Note that when B is O(8 -1), Eqn. (9), together with the usual
asymptotic result relating flame temperature and speed (see Eq. (25)),

implies that

M/ M.g = exp[6 B(T,-Tg/{V3 T, (10)

an implicit formula for M (since B =« 1/M) equivalent to one first given in [4]
and incorrectly applied in [8] (but with a correct conclusion) to an
application where B is not small.

According to the limit defined by (8), the flame-thickness divided by
the flame radius is of order 1/6. Asymptotic analysis tells us that stretch
effects can then be significant - that stretch alone can cause W to differ
significantly from W,q. We shall account for this using Markstein's
formula, recently shown by Tseng et al to be accurate for our geometry even

when the stretch is not weak [9].

The Joulin Effect
In order to describe the Joulin effect we need to calculate the
temperature field in both the burnt and fresh gas, and this is the meat of

our analysis.

Cold-gas temperature

Radiation cooling in the burnt gas induces an inflow - a correction to the
formula (4b) - but we do not believe that it plays an important role in the
physics, and so we shall neglect it. Then O(6 -1) deviations of T from Ty are

described by

p, Co 3T/t + W (p/p, - 1){r,2/r2) 9T/r| = - r-23/3r (2 qy) . (1D)



This equation can be integrated along the characteristic

dr/dt =W (p./p, -1)(r,2/r2) with initial conditions T=T,,r=r, att=0.
A characteristic intersects the flame trajectory and at the intersection point
it imposes an O(8 -1) increment in flame temperature which leads to an
O (W) change in flame speed. We are only concerned with early times
during which the radiative preheating is small and the cold-gas

temperature remains close to Ty. Thus emission is unimportant if

Tr=300°K, and the only contribution to qr (the radial component of the

radiative heat flux vector) in Eqn. (11) is emission from the hot gas.

In the absence of absorption (r, /It << 1) qr falls off like 1/r2,
ie. qr(r) = q(r,) (r,2/1r?)in r>r, (12)

and the term on the RHS of Eqn. (11) vanishes. Then there is no
preheating. To account for absorption we adopt a differential-equation
(Eddington) approximation for a single outward directed stream of

radiation of the form
ler2 d/dr (r2q.) = -agq, (13)

where a is constant to be chosen. With the choice a = 1.25 this equation
provides a good approximation when the emission from the hot gas is

homogeneous (so that the distribution of g in the cold gas can be evaluated

exactly), and it should work equally well in the general case. Then

r-2d/dr(r2qy) = - alf‘1 qr(r,)(r,2/ r?)exp[a(r, - 1)/ 1] . (14)



The estimate (8b){r, /[, ~ 6 '1) is a guiding principle for our discussion so

that, formally, r, /It ~ 0 ! and the exponential in (14) can be replaced by 1.
But for realistic values of 6 this is not a good approximation when one

recognizes that s/l < 1/5 so that we shall not make this choice.

Burnt gas temperature and the emitted radiation
If we account only for emission in the burnt gas, the temperature is

governed by the equation

pCpdT/ot = -40T*/1 , | =1,T/T, . (15)

Significant cooling occurs on a time

Ateool ~pl Cp/l4cTS) (16)

and the available time is
Atavail ~1,/t, ~(p,/p]) (r./ W) . (17)

The ratio of these times ~ (l ! r*) /B, an O(1) quantity according to the

estimates (8).

Equation (15) is integrated along the characteristic dr/dt = 0 with the

initial condition T = T, when r = r,, consistent with the fact that the flame-
temperature differs from T, by a small (O (6 1 » amount.

The emitted radiation is calculated by integrating the equation

(la/Ta)dl/ds = c T3/ n (18)



over paths that extend from one side of the flame sphere to the other. Then

r

qr(r,) = 4rr, 2 f " drr2 oT/nl , (19)

(o]
a quantity that is needed for the calculation of the cold-gas temperature

rise. Note that from (11) and (14) we have the estimate

AT ~ g (r,) Mavat/ 0, C, 1) (20)

and from Eqn. (19) the estimate

(r,) ~ r,0Ta" /1, (21)

so that

AT/ Ty ~ (r,/1a)? oTa' /(M C, Ta) (22)

as anticipated by Eqn. (7).
An improved description of the burnt gas temperature can be
obtained by accounting for absorption, although this is less important than

in the cold gas. Then Eqn. (15) is replaced by

pCp oT/0t = - r2 3/09r (r2q,) (23)

where

[ ddr (I r2dMdr (r2q) = 3q + 4ol d/dr (T4) . (24)
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Here we use the conventional Eddington approximation, different from the

single stream approximation (13).

Numerical Strategy
‘We have solved the equations using a MacCormack scheme.

Standard asymptotic results show that W o« exp ( E/2RT*) where T, is the

flame temperature, so that

M/Maq = exp [0 AT,/ 2T, (25)

where AT, is the increment in flame-temperature over T,. AT, is small

(O (9 l)) and is the sum of three contributions

AT, = AT, + AT, + AT,

J S M

(26)

*

where AT, is generated by the Joulin effect, AT, (negative) is generated
J S

by the Spalding effect, and AT, is the increment due to flame-stretch.
M

To account for stretch we use a formula due to Markstein which has
recently been shown (empirically) to be accurate in the present geometry for

values of stretch that are not small [9]. Specifically,

M/M, =1+ C/r, 27

where M, is the flame-speed in the absence of stretch, corresponding to

AT, /Tq =267 In(1+C/1,). (28)
M
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For the lean methane/air mixtures for which we have done our
calculations C is positive.

The drop in flame-temperature due to the Spalding effect is obtained
in the usual fashion [10] by integrating the loss term in Eqn. (5) over the
flame-structure, at the same time allowing for losses towards the burnt gas

(i.e. the non-zero value of dT/dr [r, - 0) ). We assume that A ~ T%8. This

yields a formula of the form

AT, =-(M23/ M2) 2T.Q/ 0 . (29)

Q is a non-dimensional global (but intra-structural) heat loss term. Thus

M/Maq = (1 +C/r,) exp (BAT* /2Ta, exp -Q MA/M? . (30)
J

The Spalding effect changes because of changes in M, but always has the
same order-of-magnitude fixed by the particle loading (I ) and it slows the
flame. The stretch and Joulin effects on the other hand change strongly
with time in the sense that the first becomes small and the second starts

small. All three have to be updated at each time integration. Stretch

enhances the flame speed (since C > O) for small values of r,, but this effect

diminishes as r, increases. The Joulin effect also enhances the flame-

speed, an enhancement that is vanishingly small for small radius, but
becomes ever more significant as the radius increases. Note that W

(determined by Eqn. (30)) is related to the flame-trajectory slope by

pW =p,¥, . 31)



Results

Specific choices for T, , Woq and C enable us to simulate methane/air
flames. Motivation for this comes from the single experimental record [8].
Values of T, and Waq are obtained from ref. [5], C from ref. [9]. 6 is taken
to be 14.3, as proposed in ref. [11]. For initial conditions we started with
r«= 1.5 cms andT:Tainr<r*,T=Tf inr>r,.

Examination of the temperature distribution in the (diffusive)
preheat zone assuming A ~ T %8 shows that these flames have thickness less
than 3mm so that if the initial flame radius is 1.5 cm the hydrodynamic
description that we have adopted is not unreasonable.

Figure 2 shows the variations of burning velocity (W) with time for an
equivalence ratio of 0.527 (then T, = 1535 K, Wyq = 5.15 ¢m/s) and various
values of /3 when stretch and the Joulin effects are accounted for, but the
Spalding effect is discarded (Q = 0). This is an artificial situation designed
to show how strong the Joulin effect is and at what time it becomes
significant. When /; = 100 cm, radiation effects are small but large enough
that the flame speed always measurably exceeds the adiabatic value. At
early times it is substantially greater because of stretch effects. For I, =50
cm, and smaller, there is a sharp increase in flame speed following the

initial decrease.

Figure 3 shows the corresponding variation of r, with time. Each
curve is - more or less - a straight line, with increasing slope as [, is
decreased. The significance of these results is that, according to plane
theory, there will eventually be a significant impact on the flame-speed
because‘ of radiation (see Eqn. (9)) and this effect should be detectable in the
spherical configuration on time and space scales typical of those used in the

laboratory.
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We do not show results generated when absorption in the burnt gas is

not accounted for. When [ 230 cm they do not differ significantly from
those shown, but for smaller values of [, the errors are noticeable, with
overprediction of the flame-speed.

In Fig. 4 are shown temperature histories at three different locations
when /_ =20 cm (again, for Q = 0). Absent absorption in the burnt gas, the
temperature there falls monotonically with time (Eqn. (15)) and this
characteristic is preserved when [ =50 cm over the time scale that we have

examined. But for /[ =20 cm the temperature displays a minimum, and

this is not difficult to understand. Consider the 3cm history. When the
flame passes through this point its temperature is close to the adiabatic
flame temperature. There is then significant cooling, since the flame
sphere is optically thin, and the temperature drops significantly below T,.
But we know from elementary energy considerations that, as r, — - and
the plane results are recovered, the temperature far behind the flame must
be equal to Ty [6], and so T must, in due course, rise again. Each curve in
Fig. 4 would display a minimum at some time, if the time scale were
sufficiently extended. Note that the record at the 10 ¢cm mark shows a
radiatively induced temperature rise ahead of the flame of about 100K.
There is also a measurable rise at the 5 cm mark.

A characteristic of the Spalding effect is that it can quench the flame
if Q is large enough. Heat losses sufficient to quench an adiabatic flame
may not quench the spherical flame since stretch effects can provide an
antidote for small ry, Joulin effects for large r«. At the same time, whereas
we are assured that a sufficiently large flame can survive - ultimately the

Joulin effect dominates - a small flame may not. Figure 5 shows variations
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of W with time when the Spalding effect is included for values of /[; between
50 cm and 100 cm.

Consider the curve for I3 = 58 cm. There is initially a sharp drop in
flame speed due to the diminishing stretch. The flame-speed drops below
the adiabatic flame speed because of the Spalding heat losses. But beyond
about 0.13 secs it rises because of the Joulin effect. Note that for these
flames [3 /6 ~ 50 cm / 2.5 mm ~ 200 which is consistent with the estimate
(8c) for when the Spalding effect will be significant.

The situation is quite different when [, = 55 cm. The flame-speed
falls, as before, but before it reaches a minimum quenching occurs. Our
model forces us to end the curve at that point. In actuality the flame-speed
would fall to zero on the time scale 8/W. The critical value of I, for which
quenching first occurs (here between 57.5 cm and 58 cm) depends on the
estimate for Q. When we first did these calculations we used a cold-gas
value of A and, in so doing, underestimated the Spalding loss and predicted
a critical /[y of about 12 cm.

Figure 6 shows the corresponding variations of flame-radius with
time. For these relatively large values of /4 the Joulin effect has not had
time to significantly counteract the Spalding effect and the effective flame-
speed monotonically increases with ;.

These results suggest that quenching due to the Spalding effect is an
obstacle to the generation of flames in dusty gases by point ignition unless
the ignition kernel can overwhelm the losses until the Joulin effect can

dominate.



rim | rd and Concludin mark

We have examined an unsteady premixed flame generated by point
ignition supported by a gas containing an inert dust. This dust emits and
absorbs signiﬁcént amounts of radiative energy and this influences the
flame behavior. We have not accounted for the thermal capacity of the dust
- the small-loading approximation, justified below. In carrying out this
calculation we have made a number of other approximations, listed here:
(i) the flame is a hydrodynamic discontinuity with stretch effects
accounted for in a semi-empirical fashion;

(i)  the flame temperature differs only a little from the adiabatic flame
temperature, an assumption that is valid for sufficiently small times but
does not preclude flame speeds significantly in excess of the adiabatic flame
speed when the activation energy is large;

(iii) cooling-induced inflow is neglected:

(iv) Eddington-type approximations to the radiative transport are
adopted.

Our results show that for lean methane /air mixtures (e.g. ¢ =.527)
the addition of modest amounts of dust should generate noticeable radiative
preheating for flames of radius 6-12 ¢cms provided they survive Spalding
extinction at small radius. The temperature rise of a particle located
immediately ahead of the flame at any time is generated by the history of
this particle as it moves outwards from its initial location until the flame
catches up with it at that time. This thermal history is independent of any
confinement vessel walls. The particle is indifferent to whether the
radiation that passes through it unabsorbed is eventually absorbed by other

particles or is lost’ to a wall. Indeed, insofar as the radiation is concerned,
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a cold non-reflecting wall plays no role. In this connection we disagree
with the claim in ref. [8] that the combustion chamber size plays a role.

Reference [8] provides the sole experimental record against which
the present results and those for plane flames [4], [6] can be measured.
Table 1 shows Planck lengths for different total particle masses calculated
for the apparatus of ref. [8]. The mean particle diameter is 0.6 um and the
calculations assume T¢ = 300 K, Ty = 1535 K. The mass of gas is 14.44 gm.
The values of mp marked with a star are nominal experimental values -
nominal because these are supply values, and what proportion ended up on
the floor of the apparatus, and what was suspended in the gas, is unknown
[8]. Note that all flame trajectories were determined from photographic
records obtained exterior to the 25 cm diameter containment vessel, so that
the smaller values of If shown in Table 1 could not have been achieved.

The other values of mp shown in the table correspond to the values of
la that we have used in our calculations. Note that for all of these the
loading mp / mg is small and justifies our neglect of the thermal capacity of

the particles.

Table 1

Mass of particles in the m, / mg le la

combustion chamber, mp (gm) cm cm
0.08 0.005 19.55 100.0
0.16 0.011 9.77 50.0
0.25* 0.017 6.32 32.33
0.27 0.019 5.86 30.0
0.40 0.028 391 20.0
0.50* 0.035 3.16 16.16
0.62 0.043 2.54 13.0
0.75* 0.052 2.11 10.78
2.0* 0.138 0.79 4.04
7.5% 0.519 0.21 1.08
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There are unexplained differences between the experimental record and
the theoretical predictions. Thus at the 4.5 cm mark no measurable
increase in temperature ahead of the flame due to radiative preheating is
reported for mp = 0.25, 0.75 or 2. (There is, however, an increase in the

flame temperature for mp = 0.25). For values of r« greater than ~ 3 cm

constant flame speeds are reported and there is no evidence of a growing
Joulin effect matching the growth in ri«. At the same time if these
measured flame speeds are final values, equivalent to one-dimensional
propagation speeds, it should be noted that none of the superadiabatic
values predicted by one-dimensional theory are obtained [4], [6]. This lack
of agreement is noted in [8].

There is good evidence of a Spalding effect. The addition of 0.25 gm
causes a sharp drop in flame speed below the adiabatic value. However, the
addition of greater amounts does not cause quenching but generates flame
speeds intermediate between the values for 0 gm and 0.25 gm.

The reasons for the discrepancy between theory and experiment are

not known at the present.
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Figure Captions
Fig, 1 Variations of the Boltzmann number 4(5’1‘34/MCp Ta with

equivalence ratio for methane/air mixtures with M and T,
determined from the adiabatic flame calculations of ref. [5]. Our

calculations are for an equivalence ratio of 0.527.

Variations of burning velocity with time for different Planck

lengths when the Spalding effect is neglected (Q = 0) (see Fig. 3).

Variations of flame radius with time for different Planck

lengths when the Spalding effect is neglected (Q = 0) (see Fig. 2).

Temperature histories at r = 3 cm, 5 cm, and 10 cm when I, = 20

cm, Q = 0.

Variations of burning velocity with time for different Planck

lengths (see Fig. 6).

Variations of flame radius with time for different Planck

lengths (see Fig. 5).



30

Boltzman Number

Equivalence Ratio



o

(o®s) awi|

v0 GEOD €0 Gec'0 ¢ 0 GL'0 L0 G0'0 0
| - A — i R [/
] ~ ! BRSNS
. _ A _ N L
1 _ - — ~N F
] E— s - ¢ 8
4 -7 -7 \IUH
1. 2 / ”
, > 6
) - I
] \ I
] e ¢ 0l
] 7 :
-] wooot=ey-----.. By
1| wops=e| — . - i
] wopg=e|- - - - K
1| wooz=e) — — 2 ¢t
@ wog|l=e| — \ i

T T T T T T L T T T 1 T 1 1 T T T T T 1 | T i T ¥ | m—.

awn yum Ayoojsa Buiuing jo uonelep g 614

syjbus| yred [eondo jusisyip 10

=

(oes/wo) Ayoo|8A Buiuing



(08S) 8w

GE'0 €0 G2'o ¢0 GL'0 10 G0'0
P
............................. EOOO—."M-.-..-.. \\.\\
wopg=e| — - - 7
woog=e|- - - - -7
............................. St
wopg=e| — — S
wogL=e| —— I A
- . ,
il
P 7
o ] s \ \
. r \ s \ \
A
. \\ ’ \
............................. TR VA N,
Ve
s y Ve \

syibus| yied jeondo
Juaiayyip 1o} uonebedosd juol swel : ¥ b4

s

0¢

ot

09

08

00}

0c!

ovi

(ww) snipes swe|4



(o8s) awiy

€0 G20 20 GL'0 10 600 0
| 11 1 [ S 1 1 1 L | I N B | IOON
H ) . - -t e e
- ” | 00V
H _m 009
| m [ 008
H . | 0001
H 0021
I 001
u .+ woop e N / -
wog je — — ) 0091
H wog e — -
——— ] 008}
sain)xiw

lle-sueylaW 9%G2'G Ul WoQg=e| 10} SUOI}RIO|
Jusisyip e ssauoisly ainjesadws| : & -Biy

(M) @injessdwa |



G0

v'0 g

(0ss) swiy

0

¢0

: - N . ”
1 o . :
§ » < . N / -
H - A :
] PRSI \ :
- N oo
T \.1\ .. R ~ \ i
] -'.‘\\..\\.x\ ...... ) N .z/ |
i S - \ .f -
...... e hy
i o7 R / -
] N AT |
1 RN
i vl L
] | ,” :
] ST
woQo t=¢f------- . _..M -
] woQ/=¢|- - - - _.__M/”
i wop9=e|- - - - .__,.AH
1 wogGg=e| — . — l
] WoG /G=Bf----.-- A
1 wogg=e| — — | [
H woos=e| ——| b
wogs > e

10} Bwey} Jo uonounxe Buimoys seaing ”\.m_m

S

Gy

G'S

G'9

G'L

(oas/wo) Auoojaa Buiuing



(o8s) awi|

€0 ¢0 1°0

woootL=e| — - -

001
woQ/L=®e|------- -
wop9=e| — — [

........ wogG=e| 0zt

T 1] T 1 ki T ] T T T T T T T 1 | OVF

10} pajunodoe si sso] jesy Buipjedg
uaym uonebedosd juoy} swelq : V4 ‘614

?

(ww) snipes swejq



